The anisotropy energy of CuCI2 • zH20 having an orthorhombic symmetry can be expressed by K, ~)+K2r2, where ~ and r are the direction cosines of the magnetic moment with respect to the baxis and the ,·-axis. The calculated value of K2 arising from the magnetic dipole interaction nearly accords with the experimental value, but that of II', becomes much smaller. Since the magnitude of the spin of CuCI2 ·zH20 is equal to l/Z, the crystalline field can not produce any anisotropy energy, so that we must consider that the other part of the anisotropy energy than that from the magnetic dipole intera~tion arises from the anisotropic exchange interaction which has original,ly been proposed by Van Vleck. Therefore, we derive the anisotropic exchange interaction on the basis of the perturbation method and estimate the anisotropy constants KI and K2 due to this interaction by use of the experimental g-values which are relating to the energy differences between the ground state and the excited 'states of Cu2+ ions. Thus it is shown that the sum of theoretical anisotropy constants due to both origins gives the vatues of the same order with that of the experimental values. § 1. Introduction The anisotropy energy in an antiferromagnetic substance may be considered to consist of three parts: the first part arises from interactions of individual magnetic ions with their surrounding anisotropic crystalline field, the second part from magnetic dipole interactions between pairs of ions and the third part from the anisotropic exchange interactions between them. Magnetic dipole interactions do not produce any anisotropy in the first order approximation for crystals of cubic symmetry and the anisotropy arising from the crystalline field vanishes for crystals whose magnetic ions have a spin of 1/2.
§ 1. Introduction
The anisotropy energy in an antiferromagnetic substance may be considered to consist of three parts: the first part arises from interactions of individual magnetic ions with their surrounding anisotropic crystalline field, the second part from magnetic dipole interactions between pairs of ions and the third part from the anisotropic exchange interactions between them. Magnetic dipole interactions do not produce any anisotropy in the first order approximation for crystals of cubic symmetry and the anisotropy arising from the crystalline field vanishes for crystals whose magnetic ions have a spin of 1/2. According to 'the calculation by Keffer,l)' the anisotropy energy of MnF 2 having a crystal structure of rutile type arises mainly from the magnetic dipole interaction which makes spins point in the c-axis and those parts from the anisotropy of the crystalline field and the anisotropic exchange interaction amount only to ten percents of the experimental value. In the case of Mn02, however, which is similar to MnF 2 in the crystal structure but different from it in the superstructure due to the antiferromagnetic spin orientation, the magnetic dipole interaction keeps the direction of spins in the plane perpendicular to the c-axis, but this interaction does not contribute to the anisotropy in this plane which may be considered to be arising from the crystalline field. 2 ) Therefore, both anisotropy from the magnetic dipole interaction and that from the anisotropy of the crystalline field are dominant in this substance. Thus, which is predominant among above mentioned three parts of anisotropy depends not only upon the crystal structure, but also upon the superstructure due to the spin orientation, and so the mechanism of anisotropy in antiferromagnetic substances might distinctively be different from one substance to another.
Experimental determination of anisotropy constants in an antiferromagnetic substance is not so easy as ferromagnetic cases, One method for it consists of applying a sufficient field in the direction of the preferred axis and measuring the critical field strength under which spins rotate from the preferred axis to the direction perpendicular to it. Another method is by means of anti ferromagnetic resonance experiments. Unfortunately, the critical field as well as the antiferromagnetic resonance absorption can not be observed by use of a magnetic field whose strength is less than 10 5 oersteds for ordinary antiferromagnetic substances having a high Neel temperature such as MnF 2 , Mn0 2 and MnO. Therefore, there is no other way to know the anisotropy constants for such 'substances below the Neel temperature than to estimate them by measuring the anisotropy of the susceptibility above the Neel temperature.
CuCI2 , 2H 2 0 is only one substance for which the anisotropy constants below the Neel temperature are experimentally known. This substance has a very low Neel temperature and so the critical field and the anti ferromagnetic resonance field can be observed under an ordinary field strength.
These experiments have been made by Gorter and his collaborators 3 ) from whose experimental data we can deduce the anisotropy constants and so it would be interesting to calculate the anisotropy constants theoretically and to compare them with the experimental values for this substance.
The purpose of this paper is to calculate each part of the anisotropy energy separately from the view point of the molecular theory and to discuss its origin. Since a magnetic Cu 2 + ion has a spin of 1/2, the anisotropy energy arising from the crystalline field does not exist and so we shall begin with calculation of the anisotropy arising from the magnetic dipole interaction, and then turn to the consideration for the anisotropic exchange interaction. § 2. Anisotropy arising from magnetic dipole interactions o CuCl2 ·2H 2 0 has an orthorhombic symmetry and its lattice parameters are a=7.38 A, b=8.04 A and c=3.72 A, and each copper ion has a spin orientation shown by Fig. 1 which has been determined from the nuclear resonance experiments by Poulis and Hardeman_ 4) We shall divide the lattice consisting of copper ions into four sublattices such that all the spins of each sublattice are parallel, and we shall denote the total magnetizations per unit volume of these four sublattices by JH1, Jl:£~, Jl:£3 and JH. as assigned in Fig. 1 2 ] or apart from a term independent of the direction cosines,
(2·4') Therefore, if we write the anisotropy energy as (2.5) where N is the total number of ions included in· unit volume, the anisotropy constants per ion Xl and X2 arising from the magnetic dipole interaction become
The dipole sums of f/Jai> f/Jbi and f/Jet; can be calculated by Ewald-Kornfeld's method. 5 ) The results of numerical calculations for them are as follows:
If we denote the saturation magnetization of one· sublattice per unit volume at the absolute zero of temperature by Mo, which is equal to Njj/4, jj being the Bohr magneton, (2.8 a, b) are expressed by
Here (M/ Mor may be considered to be nearly equal to unity in a sufficiently low temperature region, and so in its region (2.9 a, b) taken (M/Mo) 2 as 1, become the anisotropy constants per ion arising from the magnetic dipole interaction. On the other hand, the values of Xl and X 2 deduced from the experimental results of antiferromagnetic resonance absorption by Ubbink, Poulis, Gerritsen, and Gorter 6 ), 7) are (2·10 a, b) at the lowest temperature at which these experiments were made. Comparing (2. 9 a, b) with (2· lOa, b), it would be seen that the theoretical value of the anisotropy constant in the ac-plane x 2 arising from the magnetic dipole interaction is of the same order of magnitude with the experimental value, but that in the ab-plane Xl is not only too small to explain the experimental one, but also has an opposite sign. Therefore, the anisotropy coming from the other origin, i.e., the anisotropic exchange interaction must be considered to be important, especially for Xl' in the case of CuCI2 • 2H20.
Since the anisotropic exchange interaction is dependent upon the excited states as well as the ground state ofa magnetic ion, we shall consider the. energy states of a Cu~+ ion under the influence of the surrounding crystalline field before turning to the discussion on the anisotropic exchange interaction. § 3. Energy levels and the anisotropy of the g-factor of a Cu H ion A Cu 2 + ion of CuCL.· 2H z O is subjected to the crystalline field from the surrounding ions. One of the principal axes of this field having a nearly orthorhombic symmetry the ~-axis coincides with the b-axis and the other two, i.e., the f-axis and the (-axis lie in the ac-plane and make an angle (J. for an ion on the corner site and -f/. for one on the face center site with the a--axis and the l-axis, respectively.
The precise calculation of the energy levels and the anisotropy of the g-factor of Cu?+ ion under such a crystalline field has been made by Itoh and Fujimoto. 8l However, on account of simplicity, we shall here adopt a simpler assumption that the crystalline field can be represented by (3.1 ) referring to the principal axes of the crystalline field, where the first term represents a cubic part and the second .and the third terms are tetragonal and orthorhombic parts.
The lowest state of a free Cu~+ ion is zD-state, corresponding to ;;to closed 3d shell minus one ele.ctron. Ignoring the spin, the D state is fivefold degenerate in the free state, and these five normalized wave functions with L= 2 may, as usual, be denoted by CPz, CPl 
The degeneracy of these two states is not still lifted until the external field is introduced.
The paramagnetic susceptibility X sufficiently above the Neel temperature is given by the .following formula:
where i means ~~ "/) and (. In our case, m and m' represent two degenerate ground states and n represents the higher states, and the number of degeneracy of the ground state gm must be taken as 2. The matrix elements of the first term of (3 0 7) exprefsing the temperature dependent part of the susceptibility become, using (3 0 5 a, b) for the wave functions of the ground states,
If we use (3·8 a, b, c) in the first term of (3·7), we obtain, as the temperature dependent part of three principal susceptibilities, the following relations:
From these relations, the principal values of the g-tensor become Since the anisotropy of the g-values obtained from the susceptibility measurements possibly includes also the anisotropy from the other origins than the proper anisotropy of g-factor, we shall here adopt the. values from the magnetic resonance absorption, and assume that the ~-axis coincides with the axis joining 'a Cu 2 + ion and its nearest neighboring CI ion.
Then, using cos 2 u.=0.6425, we obtain from (3·11 a, b, c), g,,=2.339, g.=2.111 and g"lj=2.075 and from these g-values and (3 ·10 a, b, c)
The values of ri estimated in such a way will later be used for the estimation of the anisotropy constants. from the anisotropic exchange interaction. § 4. Formulation of the anisotropic exchange inter.action
As has been pointed out by Van Vleck/~)' 13) the anisotropic exchange interaction appears between two magnetic ions through their excited states. Van Vleck 13 ) has derived this interaction by the second order perturbation calculation. In this section, however, we shall give a 'little more general formulation of this interaction.
We shall now consider a pair of two eu ions, take five states represented by (3·2) as the zeroth order eigenfunctions of each eu ion and calculate the energy of the lowest state of two ion system by a perturbation method, considering the following energy:
as a perturbation, where the first and the second terms are respectively representing the L-S coupling of eu ion 1 and eu ion 2, and the last term represents the exchange operator between these two ions. In this case, the perturbation energy of the first order becomes the ordinary exchange energy for the case where both ions are in their ground states.
The second order perturbation energy can be expressed by
where i and g denote the excited states and the ground state of two 10n system respectively and rand s denote the spin states which are degenerate in the zeroth approximation. We shall hereafter take out only the diagonal terms and omit the off-diagonal terms of
Vexeh . with respect to the orbital functions. Then, since the diagonal elements of (L, S) with respect to the orbital parts are zero for the real orbital wave functions, any linear term· with respect to the exchange integral does not appear from (4·2). For the term which does not include the exchange integral, we may consider, :as the excited states for two ion system, only the cases where the one of two ions is excited and the other remains in the gr Jund state, as the A (L5) is relating to only one ion. Since each element of the matrix of (L1 51) inclusive of the part of spin states is equal to that of ( L2 52 4·4) where Lc (g1> i,) , etc., are the matrix elements of L with respect to the orbital wave functions of one ion. For the case of 5 = I! 2, (4·4) becomes a constant value independent of spin variables.
Therefore, the perturbation of the second order does not produce a spin dependent energy term.
The perturbation energy of the third order can be expressed by
(Hi-Hg)- (4.5) where i and j again represent the orbital excited states of two ion system and sand t represent their spin states. AI-so in this case we shall intend to express this energy in spin variables.
The second term of (4· 5) has a diagonal element with respect to the orbital state only in the third factor and so for this factor the part from Vexch. of the perturbation energy remains but the part from A(L5) disappears, and the latter part remains but the former disappears for the other two factors so far as the off-diagonal elements of VexclI'. with respect to the orbital wave functions are omitted. Hence, confining to the linear parts with respect to the exchange integral, the second term of (4 ·5) can be expressed by
If we take into consideration the fact that the matrix elements of (L1 5 1) are equal to those of (L 2 5 2) and that the diagonal elements of V.XCh. with respect to the orbital states can be expressed by -(lj2)Jg,u.{1+4(515 2 )}, whereJ!11U2 is an exchange integral between two ions which are both in each ground' state, (4.6) can be written, in spin variables, as
where Ll;J; (gl' i1) . L,z (in gl)' etc., are written as· IL,x I~, etc. Thus, from the second term of (4.5) appears only an isotropic exchange coupling.
The first term of (4.5) can be written as.
We can, here, leave out of consideration the second term, so far as we omit the off- 
)](1+451 S 2).
In order to obtain the anisotropy constants ~rising from the interaction of (5. 
where tl)e upper sign is taken for an ion on the· corner site and the ~ower sign is taken for that on the face-center site. Using the wave functions of (3.2), the matrix elements of Ljl;', L:Yj' L l , can be calculated as follows: Xl obtained in such a way is of the same order with the experimental value and on the other hand X 2 is much smaller than an experimental one which is of the same order with that from the magnetic dipole interaction. § 6. Concluding remarks The anisotropy energy in CuCI 2 • 2H 2 0 is arising from the magnetic dipole interaction and the anis:ltropic exchange interaction.
The anisotropy constants per ions Xl and X2 from these two origins estimated above are shown in the following table: It may be concluded from this table that the magnetic dipole· interaction contributes mainly to X 2 and the anisotropic exchange interaction contributes mainly to Xl. It is, however, noted that in estimating the anisotropy constants Xl and X 2 arising from the anisotropic exchange interaction we have made the several rather crude assumptions. The main ones are the followings:
(1) The off-diagonal elements of the exchange operator with respect to the orbital wave functions have been omitted in deriving the anisotropic exchange interaction.
' ( 2) The exchalJ.ge integrals between one ion in its excited state and the other in its ground state h<l,ve been replaced with that between ions both being in their ground states.
(3) We have assumed that the denominators of the right hand side of (3 ·12) are of the order of . unity, on account of the difficulty in estimating them.
(4) The ';'axis has been assumed to coincide with the axis joining a Cu ion and its nearest neighboring CI ion.
It is hoped that these assumptions are got rid of by richer experimental data or more "precise calculations and a more rigorous estimation is made for the anisotropy energy arising from the anisotropic exchange interaction.
In conclusion, the authors are indebted to Mr. Kanamori and Miss Motizuki for· checking the numerical calculation in § 2.
